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Abstract— Setting analog cellular computers based on cellular
neural networks systems (CNNs) to change the way analog
signals are processed is a revolutionary idea and a proof as well
of the high importance devoted to the analog simulation methods. We provide an in-depth description of the concept exploiting analog computing based on the CNN paradigm to solve
nonlinear and highly stiff ordinary differential equations
(ODEs) and partial differential equations (PDEs). We appply
our method to the analysis of the dynamics of two systems
modeled by complex and stiff equations. The first system consists of three coupled Rössler oscillators in a Master-SlaveAuxiliary configuration. The capabilities of this coupled system
to exhibit regular and chaotic dynamics have been demonstrated so far. The synchronization modes of the coupled system can be exploited in chaotic secure communications. The
second system is the Burgers’ equation which is a well-known
classical model for analyzing macroscopic traffic flow motions/scenarios. As a proof of concept of the proposed approach, the results obtained in this paper are compared with
the results available in the relevant literature (benchmarking)
and, the proposed concept is validated by a very good agreement obtained. The computation based on CNN paradigm is
advantageous as it provides accurate and ultra-fast solutions of
very complex ODEs and PDEs and performs real-time computing.
Keywords— ODE, PDE, Cellular neural network, Fieldprogrammable gate array (FPGA), templates, dicretization, coupling, stiffness.

I.
INTRODUCTION
During the last sixty years, the theory of digital computation has been based on the concept of deterministic Turing
machine [13]. However, despite the great success of digital
computers, the existence of so called hard/complex problems has revealed some weaknesses or limitations on their
computing capabilities. Indeed, digital computers are exposed to transient phenomena, stiffness, accumulation of
round-off errors, divergences or floating point overflows
[7-11] when dealing with the analysis of complex problems/scenarios which in essence are generally modeled by
nonlinear ODEs and/or PDEs in the spatio-temporal domain.
Further solving these complex and stiff equations with digital computers is very time consuming [14].
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Analog computers could be considered as an alternative
method to analyze the dynamics of complex and stiff
systems since these computers are not exposed to problems
faced by digital computers when dealing with the simulation
of complex models ODEs and/or PDEs. Despite some limitations presented by analog computers e.g. lack of universality, requirement of highly precise electronic components,
and limitation of the dynamics of analog computers due to
their bias (power supply), the analog method has a great
potential to efficiently analyze complex and stiff models and
provide ultra-fast and accurate solutions. Precisely, an implementation of analog computers on reprogrammable
hardware (e.g. FPGA) could be envisaged to improve and
optimize the computing process with analog computers. It
should be worth mentioning that a challenging and up-todate research question concerns the development of efficient, accurate and ultra-fast (high speed) computing platforms to solve complex and stiff ODEs and/or PDEs which
are equations modeling the dynamics/motion of real-life
engineering systems, scenarios or events [14].
Concerning the methods/approaches for solving stiff
PDEs, some interesting works have been carried out. Ref.
[15] does present a learning method based on CNN, i.e. a
modified online back propagation (BP) algorithm. Ref. [16]
deals with the implementation of the CNN paradigm on very
large scale integrated circuit (VLSI) to solve PDE. The
authors of Ref. [17] consider the discrete CNN paradigm to
solve PDEs with applications for image multi-scale analysis.
Ref. [18] presented an emulation of the CNN paradigm on
digital platforms to solve PDEs. The idea of fixed-point is
introduced which is being exploited to decrease the
computing precision, leading to the increasing computing
speed. Ref. [19] is focused on the CNN-based analog
computing paradigm to solve PDEs. The paradigm is shown
to be flexible in setting boundary conditions and selecting
discretization methodologies as well. Ref. [20] discusses
various possibilities of mapping CNN models into PDEs in
order to approximate their solutions numerically. It is shown
that the mapping process is not a general method as this
process is limited (i.e. not valid) for a specific class of
PDEs.
The state-of-the-art shows/presents the CNN paradigm
as being an attractive alternative solution to conventional
numerical computation method [1-2, 15-20]. Indeed, it has
been intensively shown that CNN is an analog computing
paradigm which performs ultra-fast calculations and provides accurate results [1, 2]. Interestingly, a speed-up of the
analog computing process is possible by an implementation
on reprogrammable computing (i.e. FPGA).

39

ISAST Transactions on Computers and Intelligent Systems, No. 2, Vol. 1, 2009
J. C. Chedjou et.al.: Solving Stiff Ordinary Differential Equations and Partial
Differential Equations Using Analog Computing Based on Cellular Neural Networks

This paper considers the concept of analog computing
based on the CNNs paradigm to solve complex nonlinear
and stiff equations (ODEs and/or PDEs). We provide an indepth presentation of our concept and apply it to two well
known and stiff nonlinear differential equations namely the
system consisting of three coupled Rössler equations in
Master-Slave-Auxiliary configuration (coupled ODE) and
the Burger’s equations. The first coupled model has been
shown appropriate to exhibit regular and chaotic waves
which in their synchronization regime can be used in secure
communications [10], the second model (Burgers’) is the
traditional model to describe macroscopic traffic flow scenarios.
We explain and show the possibility of deriving
appropriate CNN templates to solve complex ODEs and/or
PDEs. Using our approach, these equations are mapped to a
CNN array in order to facilitate templates calculation. On
the other hand complex/stiff PDEs are transformed into
ODEs having array structures. This transformation is
achieved by applying the method of finite difference. This
method is based on the Taylor’s series expansion.
The structure of the paper is as follows. Section 2 provides a brief overview of the CNN paradigm. Section 3
explains/shows the approach to solve complex/stiff ODEs
with the CNN paradigm. An application example is provided based on solving coupled Rössler equations with
CNN. Section 4 applies the same approach to solve a
nonlinear and stiff PDE (Burgers’) with CNN. In section 5,
the benchmarking of the proposed concept is presented by
comparing our results with those provided by the relevant
literature. Section 6 deals with conclusions and outlooks.

II. THE CNN PARADIGM/CONCEPT
The concept of CNN was introduced by Leon O. Chua
and Yang [1]. The cell, which is the fundamental building
block of the CNN processor, is a lumped circuit containing
both linear and nonlinear elements (Fig.1a). Fig.1a presents
the CNN processor as an array of cells characterized from
an input, a state and an output. This CNN processor is built
using identical analog processing elements called cells [1-2].
These cells can be arranged in a k-dimensional square grid
which is the most commonly used CNN type amongst many
others namely the spherical CNN [4] and the star CNN [3],
just to name a few. In these types of CNN, cells are locally
connected (i.e. each cell is connected to its neighborhood)
via programmable weights called templates. These templates
are changed to make it programmable the CNN cell array.

Fig. 1a: (a) The basic CNN cell defined as a nonlinear first order
circuit, (b) The PWL sigmoid function, and (c) A CNN architecture
composed by a two-dimensional array of MxN cells arranged in a

Hence, the essential/fundamental of the technology based on
the CNN paradigm is located in templates. These templates

are sets of matrices which are space invariant (i.e. cloning
templates) if the values of templates do not depend on the
position of the cell [1, 2]. This condition/case is particularly
interesting to materialize spatial discretization. A complete
(or full) specification of the dynamics of a CNN cell array
requires the definition of Dirichlet (or boundary) conditions.
The CNN computing platform developed in this paper exploits the structure of the state-control CNN (SC-CNN) [1,
2] which is modeled by (1).

dxi
dt

M

>

@

xi  ¦ Âij x j  Aij y j  Biju j  Ii


(1)

j 1

The coefficients Aij , Aij and Bij are the self-feedback template, feedback template and control template, respectively.
The schematic representation of a state-control CNN cell
coupled to (M-1) neighboring cells is shown in Fig. 1b. Ii is
the bias value and yi is the nonlinear output sigmoid function of each cell. u j denotes the input value and xi represents the state of each cell.

Fig. 1b: SIMULINK graphical representation of the basic model of a statecontrol CNN cell (SC-CNN) coupled to (M-1) Neighbours.

III.

SOLVING COMPLEX AND STIFF ODE WITH CNN

A.

Principle for CNN templates findings
According to the general theory in nonlinear dynamics
based on the linearization of the vector field [12], complex
and stiff ODEs can be described by a unique vector field in
n

a bounded region of R which is solution in (2).

dx
dt

A( x)>x  F ( x)@

(2)

Where A(x ) is a nu n matrix function of x , F being the
n

mapping of R to itself. It should be worth to mention that
(2) can be transformed into the classical model of Chua
equation in which components of the matrix A are all linear
and F is a piecewise linear function of the variable x . Our
approach in this paper transforms complex ODEs into the
form described in (2) in order to make them solvable by the
CNN paradigm since it is well-known that (2) can easily be
mapped into the form of CNN model in (1). Therefore a
good identification of the equations leads to determining the
appropriate CNN templates to solve the complex and stiff
ODEs.
We consider the case of a system consisting of three
identical oscillators of the Rössler type coupled in a MasterSlave-Auxiliary configuration. The master x1 , y1 , z1
slave

+

x2 , y2 , z2 + auxiliary x3 , y3 , z3 system under
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investigation is modeled by the following set of complex
and stiff coupled ODEs:
Slave system fixed point:

dx1, 2,3
dt

Where

Zi

2

(3a)


Z1, 2,3 x1, 2,3  a1, 2,3 y1, 2,3

(3b)

f1, 2,3  z1, 2,3 x1, 2,3  U1, 2,3

(3c)

are the natural frequencies of the oscillators,

Hi

are the elastic coupling coefficients (couplings through
solutions) and ai , f i and U i are the system parameters.
This coupled system can be assimilated to a sequential system (i.e. a system which output depends on both inputs and
previous state of the output).
We now want to provide an in-depth explanation of our
approach for solving complex and stiff ODEs with the CNN
paradigm. Therefore we consider (3) which are good prototypes of complex and stiff ODEs.
We first transform (3) into the form

ª x1, 2,3 º
»
d «
« y1, 2,3 »
dt «
»
¬« z1, 2,3 ¼»

&

Z1, 2,3 y1, 2,3  z1, 2,3 

H1, 2,3 x2,1,1  x3,3, 2  x1, 2,3
dy1, 2,3
dt
dz1, 2,3
dt

ª x02 º
« »
« y02 »
«z »
¬ 02 ¼



ª H1, 2,3  Z1, 2,3  1 º ª x1, 2,3 º
»
»«
«
0 » « y1, 2,3 »
« Z1, 2,3  a1, 2,3
»
»«
«
0
 U1, 2,3 ¼» ¬« z1, 2,3 ¼»
¬« 0

ªH1, 2,3 x2,1,1  H 3,3, 2
«
0
«
« f  x .z
¬ 1, 2,3 1, 2,3 1, 2,3

º
»
»
»
¼

(4)

From (4) one can show the existence of fixed points through
(5)

ª x1, 2,3 º
»
d «
« y1, 2,3 »
dt «
»
«¬ z1, 2,3 »¼

0

(5)

Under a good specification of the parameters setting (coefficients) of (4) one can evaluate fixed/equilibrium points as
follows:



Master system fixed point:

&1

ª x01 º
« »
« y01 »
«z »
¬ 01 ¼

(6a)

Auxiliary system fixed point:

&

3

(6b)

ª x03 º
« »
« y03 »
«z »
¬ 03 ¼

(6c)

It should be worth mentioning that the aim is to linearize the
vector field around fixed points. This linearization around a
non-zero equilibrium/fixed point provides the possibility of
modifying the nonlinear part of the coupled system without
changing the qualitative dynamics of the system. This
statement can be materialized by: A &



o A & 1, 2 , 3 .
Therefore, (2) can be considered to evaluate the linear part
of the vector field at fixed points. This linear part is represented or materialized by 3u 3 matrices defined as follows:
1, 2 , 3

Amaster

ªa11 a12 a13 º
»
«a
« 21 a22 a23 »
«¬a31 a32 a33 »¼

(7a)

Aslave

ªb11 b12 b13 º
»
«b
« 21 b22 b23 »
«¬b31 b32 b33 »¼

(7b)

Aauxiliary

ªc11 c12 c13 º
»
«c
« 21 c22 c23 »
«¬c31 c32 c33 »¼

(7c)

From which the corresponding CNN templates are derived
under precise values of the coefficients of the model in (3).

B. Design of the complete CNN processor
We now want to design a CNN computing platform to
investigate the issues of synchronization in the master-slaveauxiliary system modeled by (3). Full insight on synchronization issues can be achieved if it is possible to perform
computations in wide ranges of the values of systems parameters in (3), even in cases some of these values can make
the system experience stiffness. The efficiency of the calculations using CNN makes it a good candidate to perform
computations in the cases of high stiffness and therefore an
appropriate tool to tackle the difficulties faced by the classical numerical approach when dealing with computation of
the model in (3). Using the structure of the elementary/basic
CNN shown in Fig. 1b, we have designed the complete
CNN processor to solve (3). We found that a total number of
nine basic CNN cells are needed to implement the complete
CNN processor on-top of SIMULINK to solve (3). Fig. 2a
shows the structure of the three basic CNN cells needed to
implement the master system. The same structure is needed
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to implement both slave and auxiliary systems due to the
symmetric nature of the coupled systems under investigation.

nization in the coupled system when monitoring the control
parameter H 3 . The results obtained from the complete CNN
processor are shown in figures 3 revealing the possibility for
the coupled system to behave in synchrony in the regular
state (Fig. 3a) and in the chaotic state (Fig. 3b) as well.

Fig. 2a: Schematic representation of the 3 CNN cells needed to implement each subsystem (i.e. master or slave or auxiliary) on top of
SIMULINK.

Fig. 2b shows the implementation on-top of SIMULINK of
the complete CNN processor to solve (3). The complete
circuit in Fig. 2b is made-up of three layers with a total
number of nine coupled CNN cells (Yellow blocs) whereby
each layer uses three coupled CNN cells and represents the
Rössler oscillator (i.e. Master or Slave, or Auxiliary subsystem).

Fig. 3a. Simulation results using CNN on top of SIMULINK showing
the projection of the regular attractors of the master and slave systems

x1 , x2 for H 3 0.0050 . This projection shows the
regime of regular synchronization in the master-slave-auxiliary coupled system. The other parameters are defined in the text.

in the plane

Fig. 2b: Schematic representation of the complete CNN- processor
(master-slave-auxiliary) implemented on-top of SIMULINK.

C. Results and proof of concept
To illustrate the concepts, we have chosen the following
values of the system parameters: Z1 0.9700 ,

a1

H1
f2
Z3
U3

0.2650 ,
0.0176 ,
1.1500 ,
0.9650 ,
4.2796 .

f1 1.1500 ,
Z2 0.9750 ,
U 2 4.2796 ,
a3 0.2650 ,

U1
a2

H2
f3

4.1596 ,
0.2650 ,
0.0460 ,
1.1500 ,

To verify the state of the complete CNN processor in Fig.
2b, we investigate the states of chaotic and regular synchro-

Fig. 3b. Simulation results using CNN on top of SIMULINK showing
the projection of the chaotic attractors of the master and slave systems in
the plane x1 , x2 for H 3 0.0155 . This projection shows the regime
of chaotic synchronization in the master-slave-auxiliary coupled system.
The other parameters are defined in the text.

In order to verify the results obtained from the CNN
processor, we use the same sets of system parameters to
perform a direct numerical simulation of (3). The direct
numerical simulation performed using Turbo-C has led to
results in Figs. 4. A very good agreement obtained when
comparing results in Figs. 3 with the results in Figs. 4 is a
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proof to validate the concept we have developed in this
paper showing the possibility of using the CNN to solve
complex and stiff ODEs.

Fig. 4a. Direct numerical simulation results (Turbo-c) showing the
projection of the regular attractors of the master and slave systems in
the plans x1 , x2 for H 3 0.0050 . This projection shows the regime
of regular synchronization in the Master-slave-auxiliary coupled
system. Same values of parameters as in Fig. 3a.

dynamics which could be caused/due by/to accidents, maintenances of roads, or unpredictable events/situations influencing the traffic. These are some examples showing the
nonlinear dynamical character of the traffic dynamics.
Thus, nonlinear equations are good candidates to describe
the dynamics of traffic. At the macroscopic level, nonlinear
PDEs are used for the modeling process. Specifically, the
Burgers’ equation has been intensively used for this purpose. However, it is well known that deriving exact analytical solutions of complex/stiff nonlinear PDEs is challenging/impossible. The numerical simulation of complex
nonlinear PDEs is exposed to transient phenomena, accumulation of round-off errors during computation and stiffness
caused by the high degree of nonlinearity. This simulation is
very time consuming as well when dealing with complex
nonlinear PDEs. The key issue when simulating complex
PDEs is the Dirichlet conditions (i.e. boundary conditions)
which are generally very difficult to define during the numerical simulation of equations modeling engineering systems. This justifies the need of appropriate and efficient
simulation tools which are robust to the problems faced by
the classical simulation tools for solving complex PDEs. It
should be worth noticing that this issue is still unsolved by
the state-of-the-art as the available traffic simulation algorithms/tools are slow and provide results with low accuracy.
This paper develops a conceptual computing framework
for complex/stiff nonlinear ODEs and PDEs. The concept
developed is based on the paradigm of CNNs which could
be implemented on FPGA.
Amongst equations of practical interest in engineering,
the Burgers’ equation (8) has been intensively used for
many applications (e.g. modeling Traffic flow, modeling
Shock Waves propagation, modeling Fluids dynamics, and
modeling Heat propagation) [5]. This is a nonlinear wave
equation which can be used to describe the corresponding
density waves from several models of traffic flow. Another
interesting application of the Burgers equation is the modeling and optimal control of traffic flow.

wu ( x, t )
wt
Fig. 4b. Direct numerical simulation results (Turbo-c) showing the
projection of the chaotic attractors of the master and slave systems in
the plans

x1 , x2

for H 3

0.0155 . This projection shows the

regime of chaotic synchronization in the Master-slave-auxiliary
coupled system. Same values of parameters as in Fig. 3b.

IV.
SOLVING NONLINEAR PDE WITH CNN
Four main variables (discrete or continuous) are considered when solving PDEs: time, value of the state variable,
interaction of parameters, and space. The overall approach is
based on transforming PDEs into ODEs and, arranged these
ODEs into a form which can be identified with the CNN
models for templates calculations.
PDEs are good prototypes for modeling traffic flow
which is an interesting phenomenon of modern world. The
modeling process though very important to get insights
on/of the traffic dynamics appears challenging as we all
experience it daily traffic problems are still not well understood. The reasons of this misunderstanding are justified
by: the dynamic nature of the traffic dynamics which is time
varying; the unpredictable or stochastic nature of the traffic

w 2 u ( x, t )
wu ( x, t )
 E u ( x, t )
D
2
wx
wx

(8)

D

and E are constants and u ( x, t ) is the density of the
wave. Equation (8) is a nonlinear equation with traveling
wave solutions. In the conservation law form (i.e. D 0 )
the Burgers’ equation reduces to a first order hyperbolic
PDE. This equation is illustrated with the well-known model
of highway traffic theory, namely the Lighthit-WhithamRichards (LWR) [6].
It can be shown that the solution of (8) is envisaged in
the form

u( x, t ) g>x  vt@
v( x, t ) D  E u( x, t )

g

(9a)
(9b)

is an unknown function which depends on the initialboundary value problem (to be specified/defined). The solution in (9) describes a right-moving wave with a velocity
v( x, t ) depending on the density of the wave. This dependence can lead to many striking effects namely breaking and
formation of shock fronts. This last corresponds to bunching
of cars on a highway.
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In order to solve the PDE in (8) with the paradigm of
CNNs, the spatial discretization method (i.e. the finite difference method) is performed in order to transform the proposed PDEs into sets of ODEs and arrange them into a suitable form the CNN paradigm can solve. Specifically, we
first discretize the function spatially by using the Taylor
series expansion and next we use the CNN paradigm to
account for temporal change (i.e. solving ODE in time domain).
The second order Taylor’s series expansion (of the solution in (8)) around a fixed point x0 can be envisaged in the
form

u( x, t ) u( x0 , t )  x  x0 uc( x0 , t ) 
2

x  x0

ucc( x0 , t )
2

(10)

Considering two neighboring points situated at a distance

'x0

around the fixed point

x0

(i.e. left and right to

x0 )

can lead to the following mathematical formulation:

xi

x0 r 'x0

(11)

(11) Can be used to derive new forms of (10) as follows:

'x0
ucc( x0 , t )
2

(12a)

u( x0  'x0 , t ) u( x0 , t )  'x0uc( x0 , t )
2

'x0
ucc( x0 , t )
2

(12b)

Thus, one can use (12) to deduce the Taylor’s series expansion of the second and first derivatives around the fixed
point x0 as follows:

ucc( x0 , t )

u( x0  'x0 , t )  u( x0  'x0 , t )  2u( x0 , t )
2
'x0
(13a)

uc( x0 , t )

u( x0  'x0 , t )  u( x0  'x0 , t )
2'x0

a regular form,

'x0

xi

being the distance between them (i.e.

u ( x, t ) in (8) is obtained at each grid-point xi . This leads

u ( xi , t )

(14)

The spatial domain is built from a number of grid-points
localized by the position xi , the index

i

being an integer.

Therefore (14) clearly shows that the analog computing of
PDEs is possible by transforming them into ODEs which are
expressed in the form of (14). This form is a set of coupled
first order ODEs, the number of equations being fixed by the
index i .
To solve (14) by the CNN paradigm, we apply some
algebraic manipulation on (14) to transform it into the form
of i first order ODEs which are further identified with the
SC-CNN model in (1). Here, the total number of cells used
to build the complete CNN processor is fixed by the index i .
Our various numerical computations using the CNN
paradigm were very slow as for the sake of obtaining accurate results we were obliged to use a huge amount of CNN
cells. It was possible to obtain some sample results up to the

10 ).

Fig. 5a

D

1
2

and E

1.

Using the same set of parameters, we

have also performed the direct numerical simulation of (8)
on MATLAB. Fig. 5b shows the spatial evolution of the
solution in (8) while Fig. 5c shows the spatio-temporal evolution of the solution in (8). The results in Fig. 5a obtained
using CNN simulator were generally very close to the same
plots obtained using simulation on MATLAB. However, a
divergence was observed for i d 8 . This divergence can be
explained by the fact that the accuracy of the CNN simulator
decreases with decreasing number of cells constituting the
CNN simulator.

i=10

i=1

arranged in

grid-points). Therefore the time evolution of the solution
to a general solution

·
¸>ui1  2ui  ui1 @ 
¸
¹
§ E ·
¸¸ ui >ui1  ui1 @
¨¨
x
2
'
0 ¹
©

(13b)

Equation (11) can be used to construct a spatial domain
which is made-up of a number of grid-points

2

shows the temporal evolution of the solution in (8) obtained
by our CNN processor built with 10 cells for the parameters

2



§ D
¨
¨ 'x
0
©

dui
dt

maximal number of 10 CNN cells ( imax

u( x0  'x0 , t ) u( x0 , t )  'x0uc( x0 , t )


from the following first order ODE derived by substituting
(13) into (8).

ui which can be obtained

Fig. 5a. Results of the CNN simulator showing the
temporal evolution of the solution in (8) for D 1 / 2
E 1 and i 1 to 10 .
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Fig. 5b. Results of a direct simulation on MATLAB
showing the spatial evolution of the solution in (8) for
D 1 / 2 , E 1 and i = 200

Fig. 5c. Results of a direct simulation on MATLAB
showing the spatio-temporal evolution of the solution in
(8) for D 1 / 2 , E 1 and i 2000

V. BENCHMARKING
The proof of concepts of the approach developed in this
paper (i.e. an approach based on the linearization of the
vector field around fixed points associated with the CNN
paradigm) is now performed by comparing the results
obtained with those available in the relevant literature.
We have considered two types of well-known nonlinear
and stiff models/equations (ODE & PDE) which have
already been considered in Refs. [10, 21, 5] in other to make
it possible a comparison of the results obtained by the
approach developed in this paper.
Considering ODE, the approach developed in this paper
has been used to solve a well-know model describing the
dynamics of a system of coupled Rössler type non-identical
self-sustained chaotic oscillators which has been intensively
used in Ultra-Wide-Band communication and positioning
systems [10, 21]. Our approach has revealed that the model
of coupled Rössler equations can exhibit synchronized
dynamics both in its regular and chaotic states for specific
values/settings of system parameters. Using different
values/settings of system parameters, similar results were
reported in Ref. [10] by both numerical and experimental
methods. Therefore, performing a fine tuning of the
parameter- settings, the approach developed in this paper
could lead to similar results (e.g. plots) as in Ref. [10]. This
remark can be drawn from the fact that our approach has
been used under the same values/settings of system
parameters in Ref. [21] and, similar results were obtained.

Considering PDE, we have considered the nonlinear
Burger’s equation which is a well-known prototype
commonly used to describe (in time domain) the mean
density of moving particles along a well- specified axis [5].
This equation has also been presented in this paper as a good
prototype for both modeling and simulation of macroscopic
traffic scenarios. Although the approach developed in this
paper and that developed in Ref. [5] are based on the
application of a concept based on the CNN paradigm to
solve the Burger’s, the main difference is the challenging
idea developed in our paper which consists of linearizing the
vector field around fixed points in order to modify the
nonlinear part of the model/equation without changing the
qualitative dynamics of the system. Using the same
values/settings of system parameters in Ref. [5], a very good
agreement has been obtained when comparing the results
(e.g. plots) in this paper with those in Ref. [5].
The main and challenging contribution of this paper is
the proposal of a systematic method to derive for both
nonlinear and stiff ODE and PDE the corresponding
templates to make them solvable by the CNN paradigm. It
should be worth noticing that although the approach based
on the CNN paradigm to solve nonlinear and stiff ODE and
PDE has been intensively developed in the relevant
literature [1-6], it is still not clearly explained or shown the
process leading to the derivation of the CNN templates. The
main objective of this paper has been focused on the
development of an analytical framework to clarify this issue.
VI. CONCLUSION
This work has presented a general concept for solving
complex/stiff equations with the CNN paradigm. A systematic analytical study has been carried out showing the mapping of ODEs and PDEs into the CNN model in order to
deduce the values of corresponding templates. The concept
presented in this work has been applied for solving two
specific types of well-known complex and stiff equations
namely the system consisting of three coupled Rössler oscillators (ODE) and the Burgers’ equation (PDE). It has been
shown that solving nonlinear ODEs with the CNN paradigm
is possible through the linearization process. Further, the
space discretization process is essential to transform nonlinear PDEs into ODEs in order to make them solvable by the
CNN paradigm. In this paper we use the second order Taylor series expansion for the discretization process. The results obtained using the approach developed in this paper
were very close to those in the relevant literature. The parameter settings used in this paper were obtained from the
relevant literature. The motivation of using the settings of
parameters in the relevant literature was the possibility of
comparing our results with the existing ones.
The limitations we found with the approach developed in
this paper are twofold. The first is related to the fact that
solving complex/stiff equations with CNN is possible only
by performing a systematic analytical study in order to derive conditions in which the qualitative dynamics of the
system might not be strongly sensitive to the degree of
nonlinearity of the system. This analytical development
appeared very challenging as the difficulty of performing
this task increases with the degree of nonlinearity of the
equation under investigation. Therefore an interesting research question would have been developing a general theoretical framework to linearize nonlinear ODEs. The second
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limitation is related to the discretization of PDEs in space. In
fact it was observed that the accuracy of the method increases with increasing quantity of grid points. However,
increasing the number of grid points make it very difficult
the numerical solution of PDEs with the approach developed
in this work. This can be justified by the fact that the numerical simulation of a huge amount of CNN cells on the
MATLAB platform is very time consuming (very slow). To
optimize the results of the approach proposed in this work it
will be of great interest considering the analog computing
based on reprogrammable hardware emulation on FPGA or
on GPU to attempt the ultra fast computing process.

[18]

[19]

[20]

[21]

and applications(special issue on CNN technology), vol. 34 issue 1,
pp. 77-88 2006.
Nagy Zoltan, Vöröshazi Zsolt, Szolgay Peter, “Emulated digital CNNUM solution of partial differential equations“, International journal of
circuit theory and applications, ISSN: 0098-9886, vol. 34, pp. 445470, 2006.
Fausto Sargeni, Vincenzo Bonaiuto, “Programmable CNN Analogue
chip for RD-PDE multi method simulations”, Analog integrated circuits and signal processing, ISSN: 0925-1030, vol. 44, pp 283-292,
issue 3 (September 2005).
M. Gilli, T. Roska, L. O. Chua, and P.P. Civalleri, “On the relationship between CNNs and PDEs”, Proceedings of the 7th IEEE workshop on Cellular Neural Networks and their applications, IEEE circuits and systems society 2002.
I. Moussa, J. C. Chedjou, K. Kyamakya and Van Duc Nguyen,
“Dynamics of a secure communication module based on chaotic synchronizations”, ISAST Transactions on communication and networking, No.1, vol.2, 2008, pp.14-23.
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